In this paper we consider the problem of classification of the nilpotent class 2 finitely generated torsion free groups up to the geometric equivalence. By a very easy technique it is proved that this problem is equivalent to the problem of classification of the complete (in the Maltsev sense) nilpotent torsion free finite rank groups up to the isomorphism. This result, allows us to once more comprehend the complication of the problem of the classification of the quasi-varieties of nilpotent class 2 groups. It is well known that the variety of a nilpotent class s (for every s ∈ N) groups is Noetherian. So the problem of the classification of the quasi-varieties generated even by a single nilpotent class 2 finitely generated torsion free group, is equivalent to the problem of classification of complete (in the Maltsev sense) nilpotent torsion free finite rank groups up to the isomorphism.
1 Historical review and methodology.
The one of the question which naturaly appears in all algebraic studies, is the question of the classification (up to isomorphism) of the algebraic objects from some class. One of the classical example of this kind of results is the classification of the semisimple finite dimensional associative algebras over fields. Also we have the very easely observed classification of the finitely generated abelian groups. Both of these classification were achieved many years ago. About 60 years ago, the classification of the simple Lie algebras over C was achieved. The classification of the finite simple groups, is a newer result of this kind. This result requested a huge effort of many mathematicians.
The natural next step after the classification of the finitely generated abelian groups, is the classification of the finitely generated nilpotent class 2 groups, in particular the classification of the finitely generated torsion free nilpotent class 2 groups. In the 1970s the research in this area was very active. We can remember [6] , [5] , auxiliary technical work [10] and others. Achievements were summarized in [4] . A full classification up to isomorphism was established only for finitely generated torsion free nilpotent class 2 groups of Hirsh length 6. Such modest results indicate the complication of the problem. This complication follows, as it will be seen from our survey, first of all, from the complication of the wild matrix problem.
Also in the 1970s, the problem of classification of the nilpotent class 2 pgroups up to isomorphism was considered in [11] . It was proved that this problem can be reduced to the wild matrix problem even when the rank of the center of the groups is equal to 2.
It is known that for every nilpotent torsion free group G there is a Maltsev completion √ G -the minimal group, such that G ⊂ √ G and for every x ∈ √ G and every n ∈ N there exists x
The √ G is the nilpotent group of the same class of nilpotence as G. It is clear that if two nilpotent torsion free groups are isomorphic, then their Maltsev completions are isomorphic too. The inverse, of course, is false. So the classification of the complete (in the Maltsev sense) nilpotent torsion free groups of the finite rank up to isomorphism is a simpler problem than the classification up to isomorphism of the arbitrary finitely generated nilpotent class 2 groups. But even in this simpler problem we have (see [4] ) a solution, only in the case when the rank of the center of the groups is not greater than 2.
If the problem of the classification up to isomorphism is so complicated, it is natural to consider a less delicate classification. The notion of the geometric equivalence of universal algebras (see [8] ), was investigated in 1995 by B. Plotkin. By [9] two finitely generated universal algebras A 1 and A 2 from some variety Θ are geometrically equivalent if and only if, the first one can be embedded into some direct power of the second and vice versa (we denote A 1 ∼ A 2 ). So, the classification up to geometric equivalence is less delicate then the classification up to isomorphism.
Classification of the nilpotent groups up to geometric equivalence is especialy interesting because in the case of the nilpotent groups geometric equivalence is closely connected with the logic proprieties of groups: two nilpotent groups are geometrically equivalent if and only if, they have the same quasi-identities (see [13] ). So classification of nilpotent groups, up to geometric equivalence is an equivalent to the classification of the quasi-varieties generated by a single nilpotent group.
The classification of the finitely generated abelian groups up to geometric equivalence was achieved in [3] . It was proved that two abelian groups are geometrically equivalent if and only if, for every prime number p the exponents of their corresponding p-Sylow subgroups coincide, and if one of these group is not periodic, then the second group is not periodic either. So the classification of finitely generated abelian groups up to geometric equivalence, is in principal, simpler than the classification of these groups up to isomorphism. The classification of the torsion free abelian groups up to geometric equivalence is trivial: all these groups are geometrically equivalent.
In the case of the nilpotent class 2 groups we have a different situation. Even classification of the finitely generated torsion free nilpotent class 2 groups up to geometric equivalence is a very complicated problem.
By [13, Theorem 1] every finitely generated torsion free nilpotent class 2 group geometrically equivalent to it's Maltsev completion. So for resolving of our problem it is enough to classify up to geometric equivalence the nilpotent class 2 finite rank torsion free complete groups.
It is well known (see for example [1, Chapter 8] ) that in every nilpotent Lie Q -algebra L, we can define multiplication by Campbell-Hausdorff formula. With this multiplication L will be a group, which we denote L
• . The group L • will be torsion free and complete. It has the same class of nilpotency as algebra L. Conversely for every complete nilpotent torsion free group A, there is nilpotent Lie
• . Algebra L has the some class of nilpotency as group A. The homomorphisms (epimorphisms, monomorphisms, isomorphisms) of the nilpotent Lie Q-algebras coincide with the homomorphisms (epimorphisms, monomorphisms, isomorphisms) of the corresponding groups and vice versa. In other words, the functor Γ :
2 ) provides an isomorphism from the category of the nilpotent class s Lie Qalgebras to the category of the nilpotent class s torsion free complete groups. By this isomorphism to the finite dimensional Lie Q -algebra corresponds the nilpotent group of the finite rank and vice versa.
So two complete nilpotent torsion free finite rank groups are geometrically equivalent if and only if, the Lie Q-algebras L 1 and L 2 are geometrically equivalent, i.e. as it was stated above, if and only if the algebra L 1 can be embedded into some direct power of the algebra L 2 and vice versa. So for researching our problem, we can concentrate on the geometric equivalence of the finite dimension nilpotent class 2 Lie Q-algebras. It will be proved in this paper, that the problem of classification of the finite dimension nilpotent class 2 Lie Q-algebras up to the geometric equivalence, is equivalent to the problem of classification of these algebras up to the isomorphism. It means that the problem of the classification of the nilpotent class 2 finite rank torsion free complete groups up to the geometric equivalence, is equivalent to the problem of classification of these groups up to the isomorphism.
The problem of classification of the finite dimension nilpotent class 2 Lie algebras over an algebraic closed field up to the isomorphism was considered in [12] and [2] . In [12] this problem was resolved when the dimension of the center of the algebra is not great then 2. In [2] it was proved that the problem of classification of the finite dimension nilpotent class 2 Lie algebras over an algebraic closed field up to the isomorphism when the dimension of the center of the algebra is great then 2 is equivalent to the wild problem.
In [3] it was proved that if A 1 ∼ A 2 and B 1 ∼ B 2 (A 1 , A 2 , B 1 , B 2 are arbitrary universal algebras from some variety Θ) then A 1 ⊕ B 1 ∼ A 2 ⊕ B 2 . So for classification up to the geometric equivalence it is enough to consider the algebras which are can not be decomposed to the direct sum. In our situation, we can consider only Lie Q-algebras L which fulfill
where Z (L) is a center of the algebra L.
The Lie Q-algebra L, which fulfills this condition, can be considered as the direct sum of the Q-linear spaces L = V ⊕ W (form this place and below we considered the direct sum only in the category of the Q-linear spaces), where
Contrariwise, if we have two Q-linear spaces V and W and the skew symmetric bilinear mapping ω : V × V → W , then in the direct sum L = V ⊕ W we can define the Lie brackets:
If ω is a non singular, then Z (L) = W and condition (1) is an equivalent to the condition
If L = V ⊕ W and dim V = n, dim W = m, {v 1 , . . . , v n } is a basis of V , {w 1 , . . . , w m } is a basis of W , then the skew symmetric bilinear mapping ω is defined by m skew symmetric matrices of the size n × n:
There is a homomorphism of the Lie algebras with condition (1) λ : L = V L ⊕W L → S = V S ⊕W S if and only if, there is a pair of the linear mappings (ϕ, ψ) such that ϕ :
By using this approach in [13] (and by using the isomorphism from the category of the nilpotent class 2 Lie Q -algebras to the category of the nilpotent class 2 torsion free complete groups) the problem of the classification of the nilpotent class 2 finite rank torsion free groups, whose centers have rank no more then 2, up to the geometric equivalence was deeply researched. It was proved two theorems:
1. Theorem 3. Two nilpotent torsion free class 2 finitely generated groups G 1 and G 2 with the cyclic center are geometrically equivalent (G 1 ∼ G 2 ) if and only if their Maltsev completions are isomorphic:
2. Theorem 4. Let G 1 , G 2 two nilpotent torsion free class 2 finitely generated groups, whose centers have rank 2. Then G 1 ∼ G 2 if and only if, or there is a nilpotent torsion free class 2 finitely generated group with the cyclic center N , such that
Also Proposition 1 and Proposition 2 from [13] , which formulated by the language of the properties of the skew symmetric bilinear forms, provide us tools for finding when for two nilpotent torsion free class 2 finitely generated groups G 1 and G 2 , whose centers have rank 2, fulfills the first or the second condition of the Theorem 4.
New results.
Bellow the word "algebra" means: nilpotent class 2 finite dimension Lie Qalgebra.
Definition 1
We say that the algebra is geometrically decomposable if it is geometrically equivalent to the direct product of some of its nontrivial subalgebras. Other algebras we call geometrically indecomposable.
Proposition 1 If two geometrically indecomposable algebras are geometrically equivalent, then they are isomorphic.
Proof. We assume that L and S are geometrically indecomposable and L geometrically equivalent to S.
There is a family of homomorphisms {λ i : L → S | i ∈ I} such that i∈I ker λ i = {0}. Also exists a family of homo-
and vice versa, so we can assume that L, S = {0}.
We assume that ker λ i = {0} for every i ∈ I. We consider the family of endomorphisms {σ j λ i : L → L | j ∈ J, i ∈ I}.
j∈J i∈I ker σ j λ i = {0}, so there exists an embedding L ֒→ j∈J i∈I imσ j λ i . ker σ j λ i ⊃ ker λ i = {0}, so, by reason of dimensions, imσ j λ i is not equal to L. We have that L is geometrically equivalent to j∈J i∈I imσ j λ i . If L = {0} then there is a nonzero factor in this product. This is a contradiction.
By symmetry we achieve a contradiction when we assume that ker σ j = {0} for every j ∈ J.
So there exist i ∈ I, such that ker λ i = {0} and j ∈ J , such that ker σ j = {0}. By reason of dimensions, L and S are isomorphic.
Proposition 2 If the algebra L = V ⊕ W is geometrically decomposable then there exists a family of linear mappings {ψ i : W → W | i ∈ I} such that all skew symmetric bilinear mappings ψ i ω are singular and i∈I ker ψ i = {0} (ω : V ×V → W is a skew symmetric bilinear mapping defined by the Lie brackets of the algebra L).
Proof. Let the algebra L be geometrically decomposable. Then L is geometrically equivalent to
If ker ψ i = {0} then ker λ i = {0} (the intersection of a nontrivial normal subgroup of the nilpotent group with the center of group is nontrivial -[7, 16.2.5], similar theorem for nilpotent class Lie algebras can be easy proved). If ker
Now for every algebra L we will construct a specific geometrically indecomposable algebra
. . , v n } be a basis of V , {w 1 , . . . , w m } be a basis of W . Then, we construct the E (L) this way:
where U is a n-dimensional Q-linear spaces with the basis {u 1 , . . . , u n }. If the skew symmetric bilinear mapping ω L is defined by m skew symmetric matrices of the size n × n:
then the skew symmetric bilinear mapping ω E(L) define by m+1 skew symmetric matrices of the size 2n × 2n:
Proposition 3 For every algebra L algebra E (L) is geometrically indecomposable.
We assume that ψ : W ⊕ T → W ⊕ T is a linear mapping such that ψ (t) = z = 0 and x ∈ ker ψω.
x n+i v i . ψω (x, u j ) = ψ (−x n+j t) = −x n+j z = 0, so
x i u i and ψω (x, v j ) = x j z = 0, so x j = 0 for every j ∈ {1, . . . , n}. Therefore x = 0 and ker ψω = 0. So for every linear mapping ψ : W ⊕ T → W ⊕ T , for which we have ker ψω = 0, we also have ψ (t) = 0. By Proposition 2 E (L) is geometrically indecomposable.
We assume that there is an isomorphism of algebras Lie α :
i , where b 1 , . . . , b n ∈ Q, and exists j ∈ {1, . . . , n} such that b j = 0. Then l, u (2) j = −b j t (2) by (3) and T 2 ⊂ α (H 1 ). Also there exists v 0 ∈ V , such that [v, v 0 ] ∈ W {0}, because the skew symmetric bilinear mapping ω L2 is a non singular. Therefore
By this contradiction we have that v = 0 and
). Because u = 0, we have as above that there is j ∈ {1, . . . , n} such that l, v
It is clear that (
) and α (H 1 )∩L 2 ⊂ W 2 ∩Z (E (L 2 ))∩α (H 1 ) = W 2 ∩ T 2 = {0}. By arguments of dimensions we have E (L 2 ) = α (H 1 ) ⊕ L 2 and, because α (H 1 ) is an ideal the linear mapping E (L 2 ) /α (H 1 ) → L 2 is an isomorphism of algebras. So we have that
Let λ = ϕ⊕ψ : L 1 = V 1 ⊕W 1 → L 2 = V 2 ⊕W 2 is an isomorphism of algebras. The linear mapping ϕ is a bijection, so in the referred above bases of V 1 and V 2 it is presented by the invertible matrix F = (f ij ) n i,j=1 ∈ GL n (Q). We take the matrix G = (g ij ) n i,j=1 = F −1 t and by this matrix and by referred above bases of U 1 and U 2 define the linear mapping γ : U 1 → U 2 . Also, we define the linear mapping τ : T 1 ∋ t (1) → t (2) ∈ T 2 . We will prove that the linear
is an isomorphism of algebras. This mapping is a bijection, so it is necessary to prove that for every u ′ , u ′′ ∈ U 1 and every v ′ , v ′′ ∈ V 1 that the
But it is enough to prove this, for basis elements of U 1 ⊕ V 1 . For 1 ≤ i, j ≤ n we have ϕ v
